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ABSTRACT. In this paper, we conduct a comprehensive
study on the boundedness properties of commutators
generated by a BMO function and generalized Calderdn-
Zygmund operator. Specifically, we analyze their mapping
behavior from a generalized weighted Morrey space to
another generalized weighted Morrey spaces under some
conditions on the parameters. Our main objective is to
establish novel and refined conditions on the pair of
parameter functions that guarantee the boundedness of
these commutators on the spaces. The findings presented
in this work contribute to a deeper understanding of the
interplay between function spaces, weight conditions, and
the structure of commutators in harmonic analysis.

Keywords: commutator, generalized Calderdn-Zygmund
operator, generalized weighted Morrey Space, A,, weight

1. INTRODUCTION

Morrey spaces Mé’ forl<p<qg<ois
defined as the set of any locally integrable
functions f such that

1f Nl

1

|f(xnpdx>p

1

= Su
aER”,B>0 1B(a, ) |_Lq (B(a, ) J(ar)
is finte. The function spaces were first introduced
by C. B. Morrey in 1938 [13]. Many authors then
studied commutators of a certain operator on the
spaces [5], [12]. Generalized Morrey spaces were
then introduced as investigated in [13]. In 2009,
Komori and Shirai [11]introduced the weighted
Morrey space LP*(w). The two spaces LP¢ and
LP*(w) were generalized by Guliyev et al [10]
as generalized weighted Morrey space LP?(w).

Calderon-Zygmund  operator  plays
important roles in harmonic analysis. The
operator was introduced by R. Coifman and Y.
Meyer in 1978 [2]. In 1985, K. Yabuta [7]
introduced the generalized Calder6n-Zygmund
operator, namely Calderon-Zygmund operator of
type w(t) and of type (log, w(t)). Many authors
then studied the operators on certain spaces [21],
[20].

The result by Guliyev implies the
boundedness of commutators of Calderon-
Zygmund operator from generalized weighted
Morrey space M, to generalized weighted
Morrey space M, provided 1 <p < oo,w €
Ap, and the pair (y,,v,) satisfying certain
conditions [10]. Unfortunately, the conditions
investigated in the study contain the logaritmic
natural function which is technically difficult to
handle. In this paper, we investigated the
conditions for the pair ¥, and ¥, where the
logaritmic natural function does not apper and
still ensure the boundedness of generalized
Calderén-Zygmund operator on generalized
weighted Morrey space. Through this paper, we
give new conditions for the pair ¥, and y, that
ensure the boundedness of commutator of

generalized Calderén-Zygmund operator
(immediately imply for Calderon-Zygmund
operator).

2. PRELIMINARIES: SOME
DEFINITIONS AND PREVIOUS
RESULTS

Let a € R™ and r > 0. We denote B(a,r)
as an open ball centered at a with radius r. For
the Ball B = B(a,r) and k > 0, kB denotes
B(a, kr), namely the ball with the same center as
B but with radius k times r. Moreover, |E]|
denotes the Lebesgue measure of a measurable
subset E of R™. A weight w is a nonnegative
locally integrable functions on R™ taking values
in the interval (0, o) almost everywhere [11].

For the weight w, 1<p < o, and a
measurable subset E of R™, we define the
weighted Lebesgue spaces LPY (E) over E by the
set of any functions f on E such that the norm
If |l opw (g is finite where
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Ifllpw ey = ([l F O IPw()dy )P. (2.1)

If E=R" then we write LPY = [PY(E) =
LPW(R™).

Next, we give some definitions and well-known
results used in this paper.

Definition 2.1 (A, weight) Let1 < p < oo, we
define A, as a set of all weights w on R" for
which there exists a constant € > 0 such that [8]

1
(lB(am)l B(a,r)W(’“)d">

1 BEEEN
x( fB(a’r)w(x) P-ldx> <cC

|B(a,)]
(2.2)
for all balls B(a,r) in R™.

Theorem 2.1 For 1 < p <o and w € A,,
there exists C > 0 such that [8], [16]

w(B) |B]\P
) <C (E) (2.3)

for all balls B and measurable sets E © B where
w(B) = [;w(x) dx.

Definition 2.3 BMO = BMO(R™") is set of all
locally integrable functions b such that [4], [6]

Ibll. = sup = [ |b(y) - bg| dy < 0o(2.4)
B=B(a,r) |BI
1
where bg = EfB b(y) dy.

Definition 2.4 (Generalized Calderén-Zygmund
Operator) Let 6 be a nonegative and increasing
function on (0, o) that satisfies [7]

Jy 0% < o0, (2.5)
Suppose T = Ty be a bounded linear operator §
to §’ which satisfies L2-boundedness and for all

infinitely diferentiable functions f with compact
support we have

Tﬂm=fxwwﬂww,
Rn

x € (supp(f))°
where K is a function on R™ x R™ except for the

diagonal {(x, x) : x € R™} such that there exists
a constant A > 0 for which

K, )| <

TR

and
|K(x,y) — K(z, )| + |K(y,x) — K(y, 2)]

<4 1 9(|x—z|>
T x=yIm \x=yl)

|x — vl
— < .
|x — z| 5

The operator T is called generalized Calderon-
Zygmund operator of 6 —type or simply
Calderdn-Zygmund operator of 6 —type. If we
set 6(t) = t% where § > 0, then we have that
T=Ty is (classical) Calderén-Zygmund
Operator (see [9], [3]) that was first introduced
by Coifman and Meyer [2].

for

Definition 2.5 (Commutator) Let b a locally
integrable function defined on R™. For linear
operator T, we define the commutator of T by

[b,T1f (x) = b()Tf (x) — T (bf)(x) (2.6)
for x € R™.

We rewrite the following results for [b, T] and
[b,I,] on weighted Lebesgue spaces as well as
the properties of b € BMO. Note that the first
following theorem based on the results in [1].

Theorem 2.6 Let b € BMO and T be a Calderon-
Zygmund operator of 8 —type. If 1 < p < oo and
w € Ay, then [b, T] is bounded on LP".

Theorem 2.7 [17] Let b € BMO and T be a
Calderdn-Zygmund operator. If 1 < p < oo and
w € Ay, then [b, T] is bounded on LP".

We see that Therem 2.6 is an extension of
Theorem 2.6.

Theorem 2.8 Let b € BMO. Then, there is a
constant C > 0 such that for all ball B = B(a,r)
in R™and j € R™ [18],

|byjs1p — bg| < C - (G + DIIBI.. (2.7)
Theorem 2.9 Let b € BMO and 1 <p < oo.
Then, there is a constant C > 0 such that for all
B =B(a,r)inR"andw € 4, [19],

(J, 16O = balPw()dy)F < C lIbll.w(B)"
(2.8)
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We now present the definition of generalized
weighted Morrey spaces. The spaces will become
the spaces of our main interest in this paper.

Definition 2.10 (Generalized Weighted Morrey
Space) Let 1<p <owo,w€ A, and  be a
positive function on R”™ x (0, o). ]v[p’w =
Mp" (R™) is set of all measurable functlons f
such that the norm ||f||M£w is finite where

Il B
1
- ( ! FOPw(d )”
= sup X wx)ax
aean r>op(a,r) W(B(a T')) B(a,r)
1
Su W .
aelmng>0 Y(a,r) L 1F e (Bar)

(B (a, r))l_’
(2.10)

3. MAIN RESULTS

In this sections we state our main results
regarding the boundedness of commutator
generated by a BMO function and generalized
Calderon-Zygmund operator on generalized
weighted Morrey spaces.

Theorem 3.1 Let 1 <p <oo,w € Ay, and T be
Calderon-Zygmund  operator of 6 —type.
Suppose that y; and Y, are positive functions on
R™ such that there exist C > 0 and a« > 0 such
that

pL:
Su
(a,r)eanx(% 0),122 Y, (a,7)

Sst<o

o inf ¥, (a, t)w(B(a t))p ds _
<),

" w(B(a, s))p
If b € BMO, then [b,T] is bounded from M
to M. Precisely, there is a constant D > 0
such that
I[b, T1f lpepw < DIIBILAS I ppomw
Y2 Y1
for f € M.

Suppose that there isa constant C > 0and g > 0
such that

lpl(al r)sﬁ <C lljl(a: r)rﬁl
for (a,7) € R™ X (0,+). Then, for all 1 > 2
and a € R™ we have that

e 36

*© ds *© ds
N Pi(a,s)— = N i(a,9)sP g

Therefore, we have the following theorems by
[20] which may be viewed as the corollary of
Theorem 3.1.

Theorem 3.2 [20] Letw € A, where 1 <p < o
and T = Ty be a Calder6n-Zygmund operator of
6 —type. Suppose that there is a constant C > 0
and § > 0 such that

0 < Y(a,s)s? <cylar)rf,
for (a,r) € R™ x (0,00).If b € BMO, then there
is D > 0 such that

||[b,T]f||M$-w < D||b||*||f||M$.w
for f € M.

4. PROOF OF THE MAIN RESULTS

We prove the main results presented in Section 3
in this section. Before proving the main results,
we provide some lemmas.

Lemma 4.1 Suppose that u,, u,, v;,and v_2 are
positive functions on Q X Rq. If there exists a >
0, g: R™ x (0, ) is increasing, and

foot<1£1f u,(a,s)vy(a,s) dt 1
y w@o € vele)
where
(a,r) € R™ x (0,00),1 > 2,
then

«® dt
f (@, 01g(a, )2
Ar t

1 g(a,t)
< Cv,(a,r)—
< (vam) A% aei&ggm u;(a, t)vy(a,t)
where

(a,r) € R™ x (0, ).

Proof By the assumptlon we have that

uz(a 7'g(a, t)—

Jurnal Matematika dan Statistika serta Aplikasinya Vol.13 No. 1 Ed. Jan-Jun 2025



37 e Yusuf Ramadana, Syamsuddin Mas’ud

w inf uy(a,s)vy(a,s) dt
:f t< s<oo uz(a,t)_lg(a,t)T
.

t51?<foo Uuq (ay S)Ul (al S)
f o t51£1<foo uq(a, s)vi(a,s)
.

u,(a,t)

<

dt
_— a,s JR—
t<s<oo us(a, s)vy(a, S)g( ) t
foo t51?<foo ul(ar S)vl(al S) ﬁ
- u,(a,t) t
s g(a,t)
(a,t)eR™ x(0,00) U1 (@, )V (a, t)
< Cv(ar) 1 g(a,t)
sLev,\Qq,r)— u e —
2 A (a,t)elR"I:;(O,oo) uq(a, t)vy(a,t)
for (a,r) € R" x (0,00). This proves the
Lemma H

X sup

<

X

The following lemmas are proved in [15].

Lemma 4.2 Let 1 <p < oo,w € A,. For each
(a,s) € R™ x (0, ) we have that

- d
TIew] B(ajs)lf(y)l y
(y
< —1 ||f||LP'W(B(a.S))
w(B(a,s))?

where C; is constant that is independent of a and
s.

Lemma 4.3 Let ¢ a nonnegative function on
R™ x (0,0) such that the map r » ¢(a,r) is
increasing for all a € R™. Then, for each 1 <
p < o,w € A, and the ball B(a,r) we have

p(a,r) <

¢ w(B(a, r))% f:o;l o(a, s)%

W(B (a,s))i7

where C > 0 is independent of a € R™ and r >
0.

Next, we prove our main results.

Proof of Theorem 3.1

Let a€R"®™ and r>0.We writeB =
B(a,r) and
f=2k=0 fx
where
fo = f - Xp
and

fe=1" X2k+13\ 2kp

for k € N. By the definition of the commutator
on fkv
[b, T1fi(x) = bC)T fi.(x) — T (bfi) (x)
where x € R™. Hence, we may write the
following estimate for [b, T]f(x) and k € N
|[b'T]fk(x)|
< [b(x) = b_B||T fi(x)]
+|T([bg — byesip]fid ()]
+ |T([byks15 — Bl Fi) ()]
We shall estimates the three terms on the right
hand side in the last inequality. Let x € B. For
the first term, if y € (2B)¢, then |x —y| ~
la — y| and
|b(x) — belITfi. (x| Ol
Y
< C|b(x) — bg| P dy
lf ()l p

ak+ip\ kg la — y|"

1
< CIbGO) = bal gy | | IFO)ldy

< C|b(x) — bgl

< Clb(X) - bBl 1 ”f”Lp,w(2k+1B).
w(2k+1B)p
Theorem 2.9 then implies that

|(b — bp)T ficllLpwsy <

1 oot
s ( [ 166 = by lrwyax ),,
W(2k+13)5 B

1 ”f”Ler 2k+1p
< Clibll.w(By ——CZD)

w(2k+1B)p
For the second inequality, by Theorem 2.8 we
have

|7(|bg = by |fi) @)
< Cf |fk(x)||bB_b2k+1B|d
Rn

lx —yI"
)|
< Cle — bz(k+1)B| jRn la—yI"
1
< Clbllitk + 1) ——= dy.
< CIbL G+ D g | 1)y
This implies that

”T(|b3 - bzk“Blfk) ”Lp.W(B)

l”f” W(ok+1
< ClIbl. (k + Dw (B —CTD)

W(2k+13)5

1

dy
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For the last term, by A, condition, Holder

v
inequality, the fact that w » € A, and by
Theorem 2.9 we have that

I7(|bg = byerig|fi) @)
<c| [byeoss DO
Rn

lx — yI™
< f |15 = DO)|If )]
— Jpkeipyokp la — y|"
1
=C |2k+1B| —[2"+1B|b2k+13 - b(Y)“f(J’Ndy
”f”Lp,w(ZkﬂB)
<C——_ = 7
- |2k+1B|
1
x ||(b2k+13 —b(O))wP
”f”Lp.w(zk+1B)

<
|2k+1B|
”f”LP‘W(zk"'lB)
1

dy

Lp’(2k+lB)
!

_p 1
Ibll.w P (21 B)P’

= C|Ibll.
W(2k+1B)E
W(2k+1B)p

!

_b
xw p(2k+1B)p’

|2k+1B|
f 1l o
< cllpl), —E2P,
W(2k+13)5
Then,
”T(le - b2k+1B|fk)”Lp.W(B)

1 ”f”LPW 2k+1p
< Cllbllw(B)y —LE20,

W(2k+13)5
Therefore, by the estimates of the three terms,
(b, T1fillLow(s)

(k+3)|| ” W(ok+1
< Cllbllw(B)? ACD)]

W(2k+13)5
Note that by Lemma 4.1,
7 Wllaan_de

Ar w(B(a,t))? ‘
for aeR" r>0, and A1>=2.
boundedness of [b, T] on LP¥,

b, T1follpwesy < II[b, T1follLpw
< ClIbll | foll Lpw
= Clbll I f lpw(28)-

By Lemma 4.3 and the last two estimate,

1
2 I lgpetpa(a,r)

By the

e 38

I[b, T1foll Lpw sy

1re dt
< c|bll Mfllpan dt

w(2B)p T
" w(B(a,t))P
< C ||bll. W(ZB)p—||f||MPW1/)2(a T)

=C IIbII*W(ZB)P||f||M£ff¢z(a,T)-

Hence, by Theorem 2.2 and the definition of the
norm of generalized weighted Morrey spaces, we
obtain that

105, T1foll
1 I[b, T]fOHLP'W(B(a,T))
= Su

aE]RnE>0 Y, (a,7)

W(B (a, r))%

<C su
aeR“E>0 l/’z(a T)

IIbII*W(ZB)p||f||M$w1/Jz(a,r)
X 1

1
W(B(a, 1’))5
<C IIbII*IIfIIMlszv-
In the other hand, we obtain from the estimate for
the LPY(B) norm on [b, T]fj, that
I[b, T1fillLpw s

1 (K + 3 Fll i
< CllblLw(B)? Al

w(2k+1B)p

< C(k + 3)lIbll.
lf‘” ”f”Lp.W(B(a,t)) dt
2(k+1)4

x w(B)p 0
W(B(a, t))5

o
< €0k + . e Il yiba(a )

which implies from the definition of the norm of
generalized weighted Morrey spaces that

I[b, T]fx ||M£-2W
1 b, T1fillLow(sam)

= sup

O B
< C et Bl
oy L WEPbn)
e A CD R
= C et bl g
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By the estimate for and

1B, 1 follyp
|[b, T]fk”Mg;” for any k € N as well as the fact
that

- (k +3)

<
k+1\a !
£ (2F41)

we have that

1B, TIf g < € D B T fillygps

] 2 =0 . 2
= ¢ (1B, follygpw + D b, T]kaIMp.w]
| Y2 e Y2

<C

HBIf Wagp

k
Z (;kfl 3))a Ibll. IIfIIMpw]

(k+3)

= C||b||*||f||M£-1w _1W
= C||b||*||f|IM£.1w-

This proves that [b, T] is bounded from M " to

M£;W as desired m

1+
K

5. CONCLUSION

From the results, we may conclude that the
commutator [b,T] is bounded from the
generalized weighted Morey spaces M£;W to

MIZ"ZW under some conditions. The conditions

obtained do not contain the logaritmic natural
function.
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